For two families of four-dimensional off-shell N = 2 supersymmetric nonlinear σ-models constructed originally in projective superspace, we develop their formulation in terms of N = 1 chiral superfields. Specifically, these theories are: (i) σ-models on cotangent bundles T * M of arbitrary real analytic Kähler manifolds M; (ii) general superconformal σ-models described by weight-one polar supermultiplets. Using superspace techniques, we obtain a universal expression for the holomorphic symplectic two-form ω (2,0) which determines the second supersymmetry transformation and is associated with the two complex structures of the hyperkähler space T * M that are complimentary to the one induced from M. This two-form is shown to coincide with the canonical holomorphic symplectic structure. In the case (ii), we demonstrate that ω (2,0) and the homothetic conformal Killing vector determine the explicit form of the superconformal transformations. At the heart of our construction is the duality (generalized Legendre transform) between off-shell N = 2 supersymmetric nonlinear σ-models and their on-shell N = 1 chiral realizations. We finally present the most general N = 2 superconformal nonlinear σ-model formulated in terms of N = 1 chiral superfields. The approach developed can naturally be generalized in order to describe 5D and 6D superconformal nonlinear σ-models in 4D N = 1 superspace.
Introduction
Four-dimensional N = 2 supersymmetric nonlinear σ-models can be formulated in terms of component fields [1, 2, 3] or N = 1 chiral superfields [4, 5, 6] . These constructions are quite elegant and geometric, especially the one in N = 1 superspace. However, they both present just the existence theorems in the sense that their practical usefulness is extremely limited if one is interested in the explicit construction of general N = 2 supersymmetric nonlinear σ-models (or, equivalently, hyperkähler metrics). Achieving such a goal requires the use of N = 2 superspace techniques, and the appropriate setting turns out to be the so-called projective superspace approach [7, 8] (see also [9] for a recent review). 1 The power of this approach in the context of N = 2 supersymmetric nonlinear σ-models is due to the following reasons:
(i) the N = 2 supersymmetric action is generated by a Lagrangian that can be chosen to be an arbitrary function (modulo some mild restrictions) of several superfield dynamical variables -off-shell N = 2 projective supermultiplets;
(ii) such supermultiplets are naturally decomposed into a set of standard N = 1 superfields. The latter property in fact implies an intimate connection between the projective superspace approach and the N = 1 superspace construction of [4, 5, 6] . It is pertinent here to elaborate on this point in some more detail. For simplicity, our discussion will be restricted to the case of a single hypermultiplet.
In the projective superspace setting, there are infinitely many off-shell realizations for a neutral hypermultiplet, each of which is characterized by a finite number of auxiliary fields. Such off-shell supermultiplets are labelled by a positive integer n = 2, 3, . . . , and are called real O(2n) multiplets.
2 For a charged hypermultiplet, there exists a single off-shell realization with an infinite number of auxiliary fields, which is called the polar hypermultiplet (the terminology follows [16] ). All of these N = 2 multiplets can readily be decomposed into a set of standard N = 1 superfields, and the corresponding content is the following: two physical superfields Φ and Σ and their conjugatesΦ andΣ, as well as some number of auxiliary superfields U ı , where the index ı may take a finite (2n − 3 in the case of O(2n) multiplets) or infinite number of values (for the polar multiplet). The physical superfields Φ and Σ are chiral and complex linear, respectively,
1 Projective superspace can be derived from harmonic superspace [10, 11] in a singular limit [12, 13] .
However, the two approaches are truly complementary. While the harmonic formalism is indispensable for quantum calculations in N = 2 super Yang-Mills theories, the projective formalism is ideal for σ-model constructions. It should be remarked that both approaches make use of the isotwistor superspace R 4|8 × CP 1 pioneered by Rosly [14] . 2 The case n = 1 corresponds to the N = 2 tensor multiplet [15] . This multiplet is very special, because (i) it involves no auxiliary superfields U ı ; and (ii) the physical linear superfield becomes real, Σ =Σ.
while the auxiliary superfields U ı are unconstrained. Upon reduction to N = 1 superspace, the action functional of an N = 2 supersymmetric σ-model takes the form
for some Lagrangian L off−shell (Φ,Φ, Σ,Σ, U ı ). Although this action is formulated in N = 1 superspace, and thus only its N = 1 supersymmetry is manifest, it is in fact invariant under off-shell N = 2 supersymmetry transformations provided (1.2) is derived from a manifestly N = 2 supersymmetric action in projective superspace [8] . The superfields U ı are auxiliary because they are unconstrained and appear in the Lagrangian without derivatives. They can be integrated out, at least in principle, using the corresponding equations of motion ∂ ∂U  L off−shell (Φ,Φ, Σ,Σ, U ı ) = 0 =⇒ U ı = U ı (Φ,Φ, Σ,Σ) .
As a result, one arrives at an action formulated in terms of the physical superfields only,
This action is of course N = 2 supersymmetric; however the corresponding transformations form a closed algebra on the mass shell only. Since Σ is complex linear, the formulation (1.4) cannot be used directly to link the theory under consideration with the results of [4, 5, 6] . In order to obtain a formulation in terms of chiral superfields only, one has to dualize Σ andΣ into a chiral superfield and its conjugate. 3 The action (1.4)
is equivalent to the following first-order action:
Here Σ is complex unconstrained, while Ψ is chiral,D .
α Ψ = 0. Integrating out Σ andΣ leads to an action of the form
By construction, this theory is N = 2 supersymmetric. It is formulated in terms of N = 1 chiral superfields, in the spirit of [4, 5, 6] , and therefore the Lagrangian H is 3 The existence of duality between the chiral and the complex linear superfields was noticed for the first time by Zumino [17] (see also [18] ). This observation naturally extended the duality between the chiral and the real linear superfields [19] . General aspects of duality in nonlinear σ-models in N = 1 superspace were elaborated in [4] .
the hyperkähler potential of the target space. What we have described here is known as the generalized Legendre transform procedure formalized by Lindström and Roček twenty years ago [8] . In the most interesting case of polar hypermultiplet self-couplings, nontrivial examples of the generalized Legendre transform have been given over the last ten years [12, 20, 21, 22, 23, 24, 25] .
Presently, an interesting open problem is to formulate general N = 2 superconformal nonlinear σ-models in terms of N = 1 chiral superfields. Its significance follows from several fundamental results in supersymmetry and their implications. Quaternion Kähler manifolds are of special importance for supersymmetric theories with eight supercharges, for they present target spaces of matter hypermultiplets in N = 2 supergravity [2] . There exists a one-to-one correspondence [26, 27] between 4n-dimensional quaternion Kähler manifolds and 4(n + 1)-dimensional hyperkähler spaces possessing a homothetic conformal Killing vector, and hence an isometric action of SU(2) rotating the complex structures [28] . Such hyperkähler spaces, known as "hyperkähler cones" in the physics literature, turn out to be the target spaces for rigid N = 2 superconformal σ-models [29, 30, 31] . The quaternion Kähler manifolds emerge as the N = 2 superconformal quotient of the corresponding hyperkähler cones [31] . The quotient construction (including the Kähler reduction from the hyperkähler cone to the twistor space of the quaternion Kähler manifold) can naturally be carried out [31] if the N = 2 superconformal σ-model is realized in terms of N = 1 chiral superfields. The above consideration indicates that the problem of generating arbitrary quaternion Kähler metrics is essentially equivalent to the following two problems in rigid supersymmetry: (i) construction of general off-shell N = 2 superconformal σ-models in projective superspace; and (ii) their on-shell re-formulation in terms of N = 1 chiral superfields.
Four-dimensional off-shell N = 2 superconformal multiplets in projective suprspace and their couplings were described in detail in [32] , building on the earlier equivalent results in five dimensions [33] . In particular, the most general σ-model couplings of superconformal weight-one polar hypermultiplets were given in [32] . First steps toward developing the chiral formulation in N = 1 superspace for the σ-models given were also undertaken in [32] . The analysis was based on the idea that the N = 2 superconformal σ-models of weight-one polar hypermultiplets form a subclass in the family of the off-shell N = 2 supersymmetric σ-models on cotangent bundles of Kähler manifolds [12, 20, 21] . In the present paper, we complete the chiral formulation in N = 1 superspace for the superconformal σ-models introduced in [32] . This paper is organized as follows. Section 2 provides a review of the formulation for N = 2 supersymmetric nonlinear σ-models in terms of N = 1 superfields, which was pioneered in [5] . In section 3 we develop the chiral formulation in N = 1 superspace for general off-shell N = 2 supersymmetric σ-models on cotangent bundles of Kähler manifolds. This analysis is extended in section 4 to the case of general off-shell N = 2 superconformal σ-models of weight-one polar hypermultiplets. In section 5 we propose a chiral formulation in N = 1 superspace for the most general N = 2 superconformal nonlinear σ-model. A brief discussion of the results obtained and their possible extensions is given in section 6. In the appendix, we provide a purely superspace proof of the conditions given in [5] for the σ-model (2.1) to be invariant under the transformations (2.2) and (2.3). This appendix makes the present paper essentially self-contained.
2 N = 2 supersymmetric nonlinear sigma-models in N = 1 superspace
In this section we review the formulation for N = 2 supersymmetric nonlinear σ-models in terms of N = 1 superfields, which was given in [5] .
We start with a general N = 1 supersymmetric nonlinear σ-model [34] 
with K the Kähler potential of a Kähler manifold M, and look for those restrictions on the target space geometry which make the theory be N = 2 supersymmetric.
To describe the second supersymmetry, one makes [4, 5] the ansatz:
for some functions Ω a = Ω a φ,φ associated with the Kähler manifold M. The transformation parameter ǫ is constrained bȳ
In the linear σ-model case, the ansatz (2.2) has its origin in N = 2 superspace. One should start by considering the Fayet-Sohnius hypermultiplet [35, 36] described by a N = 2 isospinor superfield q (2.2) in whichΩ ± = ±φ ∓ . This procedure was carried out explicitly in [37] and implicitly in [38] .
Here ǫ α is the supersymmetry parameter, while τ corresponds to a central charge transformation. If the action is invariant under the second supersymmetry transformation described by ǫ α , then the central charge symmetry is generated by commuting the first (manifestly realized) and the second supersymmetry transformations.
The action is invariant under the central charge transformation provided
with g ab = K ab := ∂ a ∂bK the Kähler metric. The action is invariant under the transformation generated by the parameter ǫ α if the two-form 5 ω bc and its conjugateω bc are covariantly constant,
On the mass shell,D 6) and the first and the second supersymmetry transformations generate the N = 2 superPoincaré algebra without central charge provided
In fact, the closure of the supersymmetry algebra requires two more conditions
They hold due to (2.5a) -(2.7).
On the mass shell, the supersymmetry transformation (2.2) takes the form:
Since δφ a should be a vector field on M, we conclude thatΩ a ,b is a tensor field on M, and therefore ω ab is a two-form.
Let J ≡ J 3 be the complex structure chosen on the target space M,
5 It will be explained shortly why ω bc has to be a globally defined two-form on M.
The above consideration shows that there are two more complex structures defined as
such that M is Kähler with respect to all of them, and the operators J A = (J 1 , J 2 , J 3 ) form the quaternionic algebra:
As a result, it has been demonstrated that the target space M is a hyperkähler manifold.
As is seen from (2.12), the complex structures are given in terms of the tensor fields Ω a ,b and Ωā ,b , while the supersymmetry transformation (2.2) involvesΩ a and Ωā. The latter can be constructed using the Kähler potential [5] :
Under the Kähler transformations
However, the supersymmetry variation
2) is invariant under the Kähler transformations, as emphasized in [6] . This completes our review of [5] .
Most of the above relations were given in [5] without proof. Their purely superspace proof turns out to be nontrivial and quite interesting in its own right. It is described in the Appendix.
It should be pointed out that not all restrictions (2.3), which were originally put forward in [5] , are necessary. In fact, it is sufficient to restrict the parameter in (2.2) to obey the constraint:
This leaves the following freedom in the choice of ǫ in (2.2):
with ǫ(θ) given in (2.3). Choosing ǫ in (2.2) to be an antichiral superfieldμ provides an example of trivial symmetries of the form
any theory S[ϕ] of bosonic fields ϕ i possesses. In particular, one can use such a trivial invariance to modify the second supersymmetry transformation on the manner [6] :
This results in no gain at all in four space-time dimensions. However, such a form of supersymmetry transformation is very useful in five and six dimensions.
3 Non-superconformal nonlinear sigma-models
In this section we will investigate four-dimensional off-shell N = 2 supersymmetric nonlinear σ-models that are described in ordinary N = 1 superspace by the action
The arctic Υ(ζ) and antarcticΥ(ζ) dynamical variables are generated by an infinite set of ordinary superfields:
Here Φ is chiral, Σ complex linear, eq. (1.1), and the remaining component superfields are unconstrained complex superfields. The above theory is a minimal N = 2 extension of the general four-dimensional N = 1 supersymmetric nonlinear σ-model [34]
with K the Kähler potential of a real analytic Kähler manifold M.
The study of σ-models of the form (3.1) was initiated in [12, 20, 21] because of their interesting geometric properties. They form a subset in the family of most general hypermultiplet theories in projective superspace [8] obtained by replacing K Υ,Υ in (3.1) with a Lagrangian K Υ,Υ, ζ with explicit dependence on ζ (geometric aspects of these most general σ-models are briefly discussed in [9] ). Our primary interest in such theories in the present paper is motivated by the fact that the off-shell N = 2 superconformal σ-models of weight-one polar hypermultiplets [32] constitute a subclass in the family of actions (3.1).
General properties
The N = 2 supersymmetric nonlinear σ-model (3.1) inherits all the geometric features of its N = 1 predecessor (3.3). The Kähler invariance of the latter,
for the model (3.1). A holomorphic reparametrization of the Kähler manifold, Φ I → Φ ′I = f I Φ , has the following counterpart (3.5) in the N = 2 case. Therefore, the physical superfields of the N = 2 theory To describe the theory in terms of the physical superfields Φ and Σ only, all the auxiliary superfields have to be eliminated with the aid of the corresponding algebraic equations of motion
Let Υ * (ζ) ≡ Υ * (ζ; Φ,Φ, Σ,Σ) denote a unique solution subject to the initial conditions
The auxiliary superfields Υ 2 , Υ 3 , . . . , and their conjugates, can be eliminated in perturbation theory using the ansatz [39] 
Assuming that the auxiliary superfields have been eliminated, the action (3.1) should take the form [20, 21] :
where 
For illustration, we give the explicit expressions [32] for two next-to-leading terms appearing in the expansion of L:
The expression for L (4) , which is somewhat messy, can be found given in [32] .
Considerations of extended supersymmetry
The action (3.1) is manifestly N = 1 supersymmetric, and is also invariant under the off-shell second supersymmetry transformation [8] (see also [32] for a detailed derivation):
Upon elimination of the auxiliary superfields, this symmetry turns into the following:
where Υ 2 now a composite field of the general form given in (3.9). Since Υ 2 transforms as a connection under the holomorphic reparametrizations (3.5),
we can rewrite Υ 2 in more specific form [32] : 
For the action (3.10) to be invariant under the supersymmetry transformations (3.14) and (3.16) , it can be shown that there should exist a function
with tensor coefficients Ξ I 1 ...I n+1J1 ...Jn (Φ,Φ), such that the following equations hold:
Here we have defined 20) and similarly for ∇ĪG J and ∇ĪΞ.
The objects under consideration have several useful properties:
These properties and the equations (3.19a) and (3.19b) allow us to obtain the following expression for Ξ:
We see that Ξ is uniquely determined in terms of the Lagrangian L and the vector field G I appearing in the second supersymmetry transformation (3.14), (3.16) .
It is of interest to discuss the special case when M is a Hermitian symmetric space and thus the curvature tensor is covariantly constant,
This case has been studied in detail in [24, 25] , and therefore we can compare the above results with those obtained in [24, 25] . First of all, since the curvature is covariantly constant, we have reduces to the equation
derived in [24] . This equation allows one to uniquely reconstruct L in the case of covariantly constant curvature [24, 25] . Similarly, in the general case, eqs. (3.19a) -(3.19c) can be used to determine the functional form of L and G I .
Dual formulation
To construct a dual formulation of the theory (3.10), we follow [20, 21] and consider the first-order action
Here the tangent vector Σ I is complex unconstrained, while the one-form Ψ I is chiral, D .
α Ψ I = 0. Eliminating Σ's and their conjugates, by using their equations of motion 27) leads to the dual action
where
The variables (Φ I , Ψ J ) parametrize the cotangent bundle T * M of the Kähler manifold
is the hyperkähler potential of the target space.
It should be noted that eq. (3.21a) is equivalent to the relation
which will be used in what follows. It follows from (3.31) that the group U(1) acts on the hyperkähler manifold T * M by holomorphic transformations 32) and this action is isometric with respect to the Kähler metric (see (3.38) for notation)
This agrees with results in the mathematical literature [40, 41] .
The first-order action (3.26) can be shown to be invariant under the following second supersymmetry transformation:
34a)
34b)
These results, in conjunction with eq. (3.19b ) and the standard properties of Legendre transform, lead to the supersymmetry invariance of the dual theory (3.28):
This form of the second supersymmetry is useful in the special case when the Kähler manifold is Hermitian symmetric, eq. (3.23); then ∇ I H = 0, and the transformations (3.35a) and (3.35b) reduce to those obtained in [24] . A different form for the second supersymmetry follows from the identity
and the explicit expression for the hyperkähler potential, eq. (3.30). These observations lead to
Finally, if we introduce the condensed notation
as well as the standard symplectic matrix J = (J ab ), its inverse J −1 = (−J ab ) and their complex conjugates,
then the supersymmetry transformation (3.37) can be rewritten as
The universal form of this transformation law is quite remarkable.
Holomorphic two-form
By definition, the anti-holomorphic two-form is
with g ab the Kähler metric. As is seen from (3.40),ωbc is indeed antisymmetric,
Direct calculations, based on the explicit structure of the hyperkähker potential K, show that the two-form ω ab looks like
Since ω ab should be holomorphic, we immediately conclude that
We see that the holomorphic symplectic two-form ω (2,0) of the hyperkähler manifold T * M coincides with the canonical holomorphic symplectic two-form,
Next, since the metric is Hermitian with respect to each of the complex structures, we conclude
Since ω ab has been shown to coincide with the symplectic matrix J ab , the expression for Ω a in our supersymmetry transformation law (3.40) takes the form (2.14).
Superconformal nonlinear sigma-models I
It was demonstrated in [32] that the action (3.1) is N = 2 superconformal provided: (i) the arctic variables Υ I (ζ) transform as superconformal weight-one arctic multiplets;
(ii) the Kähler potential obeys the homogeneity condition
With the homogeneity condition imposed, no Kähler invariance survives. The geometric interpretation of such σ-models, albeit formulated in a slightly different form, was given in [42] . This interpretation will be briefly discussed in section 6.
Off-shell superconformal transformations
It was also shown in [32] that the general N = 2 superconformal transformation decomposes, upon reduction to N = 1 superspace, into three types of N = 1 transformations. The latter are the following:
1. An arbitrary N = 1 superconformal transformation generated by
see [43] for more details. This transformation acts on the components Υ k of an weight-one arctic multiplet by the rule:
2. An extended superconformal transformation generated by a spinor parameter ρ α constrained asD
and hence ∂ .
The general solution for (4.5) is
Here the constant parameters ǫ α , λ andη .
α correspond to (i) a second Q-supersymmetry transformation (ǫ α ); (ii) an off-diagonal SU(2)-transformation 6 (λ); and (iii) a second S-supersymmetry transformation (η .
α ). The extended superconformal transformation acts on the components Υ k of an weight-one arctic multiplet by the rule: 
Homogeneity conditions
Suppose we have eliminated all the auxiliary superfields Υ 2 , Υ 3 , . . . , and their conjugates. Let Υ * (ζ) ≡ Υ * (ζ; Φ,Φ, Σ,Σ) be the unique solution to the auxiliary field equations (3.7) under the initial conditions (3.8). Due to (4.1 ), any rescaled holomorphic function
also solves the auxiliary field equations (3.7) and is characterized by the initial conditions
This means that the Lagrangian L Φ,Φ, Σ,Σ in (3.10) obeys the homogeneity condition
Similar considerations imply that the functions G I Φ,Φ, Σ,Σ and Ξ Φ,Φ, Σ,Σ , which were introduced in subsection 3.2, also obey certain homogeneity conditions. In particular, one can notice that
These relations can be used to obtain a new representation for Ξ. It is 14) compare with (3.22).
On-shell superconformal transformations
Upon elimination of the auxiliary superfields, the action (3.10) must be invariant under on-shell N = 2 superconformal transformations of the physical superfields. It is instructive to check this invariance explicitly. N = 1 superconformal transformation (4.2), (4.3) . The physical chiral Φ := Υ 0 and complex linear Σ := Υ 1 superfields transform as
Let us consider the
These transformations are consistent with the off-shell constraintsD .
α Φ = 0 andD 2 Σ = 0. Now, using the relations (3.21a), (4.1) and (4.12), one readily check that the action is invariant under the N = 1 superconformal transformations,
We next turn to the extended superconformal transformation 
Making use of the relations (3.22) and (4.14) gives
Finally, it remains to consider the shadow chiral rotation (4.9)
The action is invariant under such transformations, as a consequence of eq. (4.1), (3.21a) and (4.12).
Dual formulation
We now turn to considering the superconformal symmetries within the dual formulation (3.28) . First of all, we should discuss the homogeneity properties of H Φ,Φ, Ψ,Ψ . Using the homogeneity condition (4.12) and the standard properties of the Legendre transformation, one obtains
Taking into account eq. (3.31), this is equivalent to
The explicit structure of the first-order action, eq. As a next step, we should consider the extended superconformal transformation. Using the transformation laws (4.17a) and (4.17b), one can check that the first-order action (3.26) possesses the following invariance:
24a)
24b)
Here we have introduced the parameterρ and its conjugate defined bȳ
Modulo redefinitions of the form
the parameter ρ can be chosen to be 27) with τ corresponding to a "central charge" transformation.
It follows from eqs. (4.24a) -(4.24c) that the dual theory (3.28) is invariant under the following extended superconformal transformation:
28a)
Similarly to the second supersymmetry transformation (3.40), this can be rewritten in terms of the hyperkähler potential as follows:
If only the second term in the parameter (4.27) is kept, ρ → ǫθ, then our transformation law (4.29) reduces to (3.40).
It remains to point out that the shadow chiral rotation (4.20) turns into
Homothetic conformal Killing vector
Before we continue, it is worth recalling the salient facts about homothetic conformal Killing vectors (see [28, 31] for more details). By definition, a homothetic conformal Killing vector χ on a Kähler manifold (M, g ab ),
obeys the constraint
In particular, χ is holomorphic. Its properties include: Let us return to the hyperkähler cone studied in the main body of this section. Here the homothetic conformal Killing vector vector proves to be
This can readily be checked using the homogeneity condition (4.22) and the explicit form of the Christoffel symbols on Kähler manifolds.
The extended superconformal transformation (4.29) can now be rewritten in terms of the homothetic conformal Killing vector:
Superconformal nonlinear sigma-models II
We now have all prerequisites available to develop a chiral formulation in N = 1 superspace for the most general N = 2 superconformal nonlinear σ-model. Given a hyperkähler cone M, we pick one of its complex structures, say J 3 , and introduce complex coordinates φ a compatible with it. In these coordinates, J 3 has the form (2.11). Two other complex structures, J 1 and J 2 , become
where g ab be the Kähler metric, and ω ab the holomorphic symplectic two-form. Let χ be the homothetic conformal Killing vector, eq. (4.32). We then have g ab = ∂ a ∂bK, where the potential K is related to χ according to eq. (4.33). With this Kähler potential, the σ-model action (2.1) turns out to be N = 2 superconformal, as we are going to prove.
Our first observation is that the action (2.1) is invariant under N = 1 superconformal transformations of the form:
compare with eqs. (4.15a) and (4.23). The invariance follows from the identity
and the standard properties of the N = 1 superconformal Killing vectors [43] . What we have actually demonstrated here, can be rephrased as follows. If a Kähler manifold M possesses a homothetic conformal Killing vector χ, then the associated N = 1 nonlinear σ-model (2.1) is superconformal (see also [28, 44] ).
Next, we define the extended superconformal transformation of φ a :
which should be compared with (4.35) . We now prove that the action is invariant under (5.4). As before, it is sufficient to evaluate the variation δρS which corresponds to the choice ρ = 0 andρ = 0. The variation of the action is
Since the tensor fieldsωāb andχb are anti-holomorphic, and the parameterρ .
α is antichiral, the combinationρ .
αωābχb appearing in the integrand is antichiral. As a result, doing the Grassmann integral d 2 θ gives
αΦ is identically zero for any antichiral superfieldΦ.
Finally, we define the infinitesimal shadow chiral rotation of φ a :
compare with (4.30). Because of the identity (5.3), this transformation leaves the action invariant. It should be remarked that the shadow chiral rotation is generated by the Killing vector
In this paper we developed the formulation in terms of N = 1 chiral superfields for the following N = 2 supersymmetric theories: (i) σ-models on cotangent bundles of Kähler manifolds; (ii) general superconformal σ-models described by weight-one polar supermultiplets. Using the considerations of duality, we demonstrated that the holomorphic symplectic two-form ω ab of the hyperkähler space T * M coincides with the canonical holomorphic symplectic structure, eq. (3.44) In the case (ii), we also determined the homothetic conformal Killing vector χ, eq. (4.34). The explicit expressions for ω (2, 0) and χ are necessary in the context of the N = 2 superconformal quotient construction [31] allowing one to reduce the hyperkähler cone to the corresponding quaternion Kähler space.
We also presented, in section 5, the most general N = 2 superconformal nonlinear σ-model formulated in terms of N = 1 chiral superfields. It would be interesting to compare the corresponding superconformal transformations, obtained using off-shell techniques, with those defined in the component approach to N = 2 superconformal σ-models [30] .
The off-shell N = 2 superconformal σ-model defined by eqs. (3.1) and (4.1) possesses a slightly different realization [32] . It can be defined if the arctic weight-one hypermultiplets Υ I (ζ) include a compensator Υ(ζ), that is an arctic multiplet with its lowest-order (ζ-independent) component Φ is everywhere non-vanishing. Then, we can introduce new dynamical variables comprising the only weight-one multiplet Υ(z, ζ) and some set of weight-zero arctic multiplets υ i (z, ζ). 
with Λ a holomorphic function. In accordance with [42] (see also [45] ), the space M K is necessarily a Kähler-Hodge manifold, and the arctic variables Υ I and Ξ in (6.1) parametrize a holomorphic line bundle over M K .
As discussed in detail in [42] , the theory (6.1) possesses a dual formulation in which the arctic compensator Υ and its conjugate are dualized into an O(2) multiplet H(ζ) [7] (or N = 2 tensor multiplet [15] )
3)
The corresponding action, which is a rigid supersymmetric version of the theory introduced in [46] , is
Here the first term is the N = 2 projective-superspace formulation [7] of the N = 2 improved tensor multiplet model [47] .
It would very interesting to extend the analysis given in sections 3 and 4 to the case of the σ-models (6.1) and (6.4). The important feature of (6.1) is that the Kähler potential K is essentially arbitrary. The structure of the action (6.1) is similar to that describing locally supersymmetric σ-modesl in N = 1 supergravity, see e.g. [43] for a review. As to the formulation (6.4), it turns out to be useful for generating new hyperkähler cones [42] .
Our derivation of the chiral formulation in N = 1 superspace for general N = 2 superconformal nonlinear σ-models can naturally be extended to five and six dimensions. In the 5D case, one has to use the formalism of superconformal Killing vectors and the off-shell superconformal σ-models introduced in [32] . In the 6D case, the general aspects of superconformal symmetry in superspace have been elaborated by Park [48] . General off-shell 6D N = (1, 0) superconformal nonlinear σ-models have not yet been described in the literature, however they can be constructed in complete analogy with the 5D construction of [32] . It should be emphasized that 5D and 6D rigid supersymmetric nonlinear σ-models with eight supercharges have been formulated in 4D N = 1 superspace in Refs. [6] and [49] , respectively. The work of Bagger and Xiong was based on the careful analysis of supersymmetry transformations in five dimensions. As to the six-dimensional construction of [49] , the hyperkähler conditions on the target space geometry were derived by the authors on the basis of the requirement that the component action must be Lorentz invariant, without any analysis of supersymmetry.
In conclusion, we would like to raise an issue that is simplest to formulate in terms of the N = 2 supersymmetric σ-models on cotangent bundles of Kähler manfolds. For these theories, we have considered the three different realizations: (i) the off-shell Υ-formulation given by the action (3.1); (ii) the ΦΣ-formulation (3.10) which emerges from (3.1) upon elimination of the auxiliary superfields; (iii) the ΦΨ-formulation (3.28) which is dual to (3.10) . Deriving the latter formulation was the actual goal of our analysis. So, do we really need the off-shell realization (3.1) and/or its reduced version (3.10)? The answer is "Yes" in general. The point is that the "Hamiltonian" H(Φ,Φ, Ψ,Ψ) in the hyperkähler potential (3.30) must obey a highly nonlinear differential equation (this formulation is therefore not suitable to study deformations of the hyperkähler structure).
On the other hand, the tangent-bundle realization (3.10) is generated by two functions L(Φ,Φ, Σ,Σ) and G I (Φ,Φ, Σ,Σ) which must satisfy the quadratic differential equations (3.19a) -(3.19c), with Ξ given by eq. (3.22) . The problem of solving these equations is technically much simpler than that of solving the nonlinear equation obeyed by H. 7 As an illustration, consider the case when K(Φ,Φ) corresponds to a Hermitian symmetric space. In this case, G I = Ξ = 0 and L obeys the linear differential equation (3.25) which is easy to solve [24, 25] . On the other hand, in the cotangent-bundle realization H obeys the quadratic differential equation [24] 
Solving this equation is more challenging. Its solution was found in [25] .
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A Extended supersymmetry
Here we derive the conditions [5] for the σ-model (2.1) to be invariant under the transformations (2.2) and (2.3). For our consideration, it is handy to make use of the following condensed notation:
Since the superfield parameters ǫ andǭ in (2.2) are independent, modulo complex conjugation, it is sufficient to analyze only the variation δǭS corresponding to the choice ǫ = 0 andǭ = 0.
Varying the action gives Return to the general analysis of the requirement that the functional (A. Second, the covariant constancy ofωbē implies that the tensorωbē Rēc ad is completely symmetric in its "barred" indices,
T abcd :=ωbē Rēc ad = T a(bcd) .
(A.14)
This completes the proof.
